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Abstract
We highlight some recent developments that widen the scope and reach of mesoscopic thin-film (or long-
wave) hydrodynamic models employed to describe the dynamics of thin films, drops and contact lines of
simple and complex liquids on solid substrates. The basis of the discussed developments is the reformu-
lation of various mesoscopic thin-film hydrodynamic models as gradient dynamics on underlying energy
functionals. After briefly presenting the general approach, the following sections discuss how to improve
these models by amending the energy functional and the mobility function, how to obtain gradient dynamics
models for some complex liquids, and how to incorporate processes beyond relaxational dynamics.
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I. INTRODUCTION
For many years, the wider field of dynamic wetting and dewetting is a very active and fre-
quently reviewed field of research. General reviews were published, for instance, 1985 by de
Gennes [27], 1992 by Leger and Joanny [63], 2009 by Bonn et al. [15] and by Starov and Velarde
[107]. These works review static (equilibrium) wetting behaviour as well as dynamic (nonequi-
librium) behaviour and focus on experimental finding as well as on theoretical descriptions on the
macroscopic scale (based on interface tensions) or on the mesoscopic scale (incorporating a wet-
ting potential). Related reviews focus on wetting hydrodynamics [108], hydrodynamic long-wave
models [23, 82, 110], the motion of the contact line [36, 105], the role of surfactants in thin-film
flows [71], molecular dynamics simulations of wetting [26] and wetting in complex geometries
[49].
Here, we do not present a general review of the whole field or of particular phenomena related
to dynamic wetting. Instead, the present contribution solely aims at highlighting a number of re-
cent developments that concern the theoretical description of wetting and dewetting dynamics via
mesoscopic (or long-wave) hydrodynamic models. They are frequently employed to describe the
dynamics of thin films, drops and contact lines of simple and complex liquids on solid substrates.
Reformulating the various mesoscopic thin-film hydrodynamic models as gradient dynamics on
underlying energy functionals forms the basis of these recent developments that widen the scope
and reach of mesoscopic thin-film hydrodynamics.
The here-considered thin-film equation is in its basic form a mesoscopic hydrodynamic de-
scription of the time evolution of height profiles h(x, y, t) of films and drops of simple partially
wetting liquids on flat solid substrates (corresponding to the (x, y)-coordinate plane):
∂th = −∇ · [Q(h)∇(γ∆h+ Π(h))] (1)
whereQ(h) = h3/3η is the mobility function in the case without slip at the substrate,−γ∆h is the
Laplace pressure representing capillarity, and Π(h) is the Derjaguin (or disjoining) pressure that
models wettability in mesoscopic hydrodynamic models. The parameters η and γ are the dynamic
viscosity of the liquid and the liquid-gas interface tension, respectively. Here, ∂t denotes the partial
time derivative, ∇ = (∂x, ∂y)T is the two-dimensional (2d) gradient operator and ∆ = ∇ · ∇ the
corresponding laplacian.
It was noted by Mitlin [74] that the thin-film equation (1) can be brought into the form of a
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gradient dynamics of a conserved order parameter field, i.e.,
∂th = ∇ ·
[
Q(h)∇δF
δh
]
. (2)
That is, the field h follows a mass-conserving dynamics where mass refers tom =
∫
hdxdy. Here,
F [h] is an energy functional and δ/δh denotes the variational derivative.
Other prominent examples of such gradient dynamics models are the Cahn-Hilliard equation
describing the decomposition of a binary mixture [19], evolution equations for surface profiles
in epitaxial growth [45] and dynamical density functional theories (DDFT) for the dynamics of
colloidal particles [5, 70]. For volatile liquids, Eq. (2) may be extended to contain a conserved and
a nonconserved contribution to the dynamics [111]. The form of such conserved and nonconserved
gradient dynamics models can be derived employing Onsager’s variational principle [33]. This is
shown in the appendix A.
For systems dominated by capillarity and wettability the functional in long-wave approximation
is
F [h] =
∫ [γ
2
(∇h)2 + f(h)
]
d2r (3)
and is sometimes called “interface hamiltonian” [30, 77, 100]. It contains a squared-gradient
contribution that results in the Laplace pressure term of Eq. (1), and the wetting energy (or binding
potential) f(h) that results via Π = −df/dh in the Derjaguin pressure term of Eq. (1). The
wetting potential acts on the mesoscopic length scale, i.e., f(h) → 0 for h → ∞. For partially
wetting liquids it normally has a minimum at the height ha of an adsorption layer that coexists with
macroscopic drops of equilibrium contact angle θe =
√−f(ha)/γ. The consistency condition
of the macroscopic Young-Dupre´ law (γ cos θe = γsg − γsl) and the mesoscopic description is
f(ha) = γsg − γsl − γ ≡ S where S is the spreading coefficient and γsg and γsl are the solid-gas
and solid-liquid interface tension, respectively. For more details see [15, 22, 27, 28, 32, 107, 119].
Here we review some of the important steps taken the past five years that widen the scope and
reach of mesoscopic thin-film hydrodynamics in several ways and are all based in the reformula-
tion of thin-film model as gradient dynamics.
In particular, the following sections briefly discuss how to extract wetting potentials f(h) from
microscopic models as Molecular Dynamics simulations and density functional theories (sec-
tion II); how to use the gradient dynamics form (2) as a guide to obtain better models without
employing an asymptotic approach (section III); how to extend the mobility Q(h) in such a way
that the model goes beyond hydrodynamics (section IV); how to obtain gradient dynamics models
3
Preprint– contact: u.thiele@uni-muenster.de – www.uwethiele.de – July 24, 2018
for some complex liquids (section V); and how to use thermodynamically consistent gradient dy-
namics models as the base of models for biofilms (section VI). Section VII concludes and gives a
brief outlook.
II. OBTAININGWETTING POTENTIALS FROMMICROSCOPIC MODELS
To practically use Eq. (2) with an energy (3) in an analysis of the dynamics of dewetting and
spreading or of the motion of sliding drops one needs to employ a particular wetting energy f(h)
(or Derjaguin pressure Π(h)). Usual choices are combinations of power laws [8, 11, 58, 74, 86],
combinations of exponentials [13, 85, 115] or the combination of a power law and an exponential
[9, 102, 103, 114]. Typical expressions are reviewed in [82, 108]. In principle, all these forms
for f(h) are asymptotic expressions that are only strictly valid for large h and should therefore
be expected to break down as h → 0. For instance, all expressions involving power laws show
an unphysical divergence for h → 0 that is sometimes avoided by introducing a lower cut-off
thickness [27].
However, alternatively to such combinations of different asymptotic expressions it has recently
been shown that one may directly extract wetting energies (and interfacial tensions) from various
microscopic models, namely, Molecular Dynamics (MD) simulations [120], lattice Density Func-
tional Theory (DFT) [18, 52] and continuous DFT [53] for Lennard-Jones fluids and other simple
liquids. Refs. [67–69] also extract wetting potentials from computer simulations.
The continuous DFT used in [53] is based on fundamental measure theory [47] and therefore
includes the influence of the layering of molecules close to interfaces and the resulting oscillatory
density profiles. The extracted wetting potentials are represented by well defined fit functions that
can easily be incorporated in mesoscale hydrodynamic models [136]. The calculated static drop
shapes are shown to be in quite good agreement with drop profiles determined directly from the
microscopic DFT [53]. There, for some systems oscillatory wetting potentials are found that may
result in pronounced terraced drop profiles [136].
It is to note that some details of the extraction of wetting potentials are tricky and there re-
main some open questions, see, for instance, the discussion of the “fictitious potential” that in the
DFT approach is needed to stabilize particular film heights at imposed coexistence chemical po-
tential [52, 53] and the limitations encountered for MD simulations at unstable film heights [120].
However, results obtained with the fictitious potential approach [52] and a nudged elastic band
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approach [18] do very well agree giving further support to both approaches.
The obtained wetting energies do not show a divergence for h → 0 and can therefore be
employed to study drops on truly dry substrates. This will then also allow one to distinguish in
mesoscale simulations the dry case (drop on dry substrate) and the moist case (drop on adsorption
layer) discussed in [27].
At the moment, the missing element is the extraction of transport coefficients from microscopic
simulations (as MD or kinetic Monte Carlo (MC) simulations) to come to a fully quantitative
mapping of microscopic and mesoscopic theories not only for the static but also for the dynamic
behaviour. Qualitative comparisons of transitions in the dynamic behaviour exist, e.g., between
kinetic MC simulations and thin-film modelling of the Plateau-Rayleigh instability of liquid ridges
[109]. To reach a quantitative agreement one would need to measure diffusive and convective
mobilities in microscopic dynamic models to introduce them into mesoscale gradient dynamics
models (see section IV). The described concepts have to our knowledge not yet been applied to
complex liquids.
III. IMPROVING THE ENERGY FUNCTIONAL
It is known for some time that long-wave thin-film models can sometimes be improved by mod-
ifying the curvature terms. This was first introduced in Ref. [44] for the break-up of liquid films
in cylindrical capillaries and is also used in models of airway closure [48]. A similar improve-
ment was introduced as small-curvature approximation (but allowing for large surface slopes) in
Ref. [104] for situations involving moving contact lines (also used in [43, 106]). Also in the con-
text of surface waves on a falling film, a regularised Kuramoto-Sivashinsky (KS) equation has
been analysed where the long-wave curvature is replaced by the exact curvature [17]. In the light
of the gradient dynamics viewpoint advocated here, we suggest that the success of these modifi-
cations results from the improved representation of the underlying energy functional that seems
to be more important for a correct description of the physical behaviour than the details of the
dynamics. With other words it is more important to improve F in Eq, (2) than the mobility Q.
The question was recently investigated in detail in Ref. [127] for a particular nonequilibrium
system, namely, a liquid film on the outside of a rotating cylinder [35, 66, 75] that represents
a typical coating flow [130]. Quite a number of different long-wave models exist for this system
[57, 93, 113]. Considering the overdamped limit (no inertia), Ref. [127] computes steady solutions
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of the free-surface Stokes equations using a moving-mesh, finite-element method combined with
a spatially adaptive pseudo-arclength continuation method [31]. The results are compared with
(i) previously employed leading order and next order asymptotically correct long-wave thin-film
models and (ii) a variational thin-film model. The latter is based on the reformulation of the
leading order thin-film model as gradient dynamics of the form (2). The mobility function and
energy are as obtained from the long-wave approximation and an additional nonvariational lateral
driving term (of the form of a comoving-frame term) results from the cylinder rotation. Then,
however, the long-wave energy functional (surface and potential energy) is replaced by the exact
one, e.g., the first term of the energy (3) is replaced by γ
√
1 + (∇h)2.
The results are rather striking: Fixing the liquid volume on the cylinder and decreasing the
speed of cylinder rotation starting from a large value, employing the Stokes equations one finds
a saddle-node bifurcation at some critical rotation speed. At smaller speed, no steady solutions
are found because the liquid drips off the cylinder. However, no such limiting point is found
employing the leading order and next order long-wave models that both give a family of steady
pending drop profiles down to zero rotation speed. In stark contrast, the variational thin-film model
qualitatively agrees with the Stokes equation and also gives a much better quantitative agreement
than the other models in all the considered parameter region. Note, that for liquid films inside a
rotating cylinder (rimming flow) all models qualitatively agree [127].
The advantage of the gradient dynamics viewpoint is that it allows us to rationalise the known
“exact-curvature trick” as an example of a well defined strategy to improve dynamical models. It
consists in making the energy as exact as possible and keeping the mobility function (or transport
coefficients) as simple as possible. This ensures the correct representation of static equilibria and
only approximates the dynamics. The approach may be seen as not being ‘rational’ in an asymp-
totic (long-wave approximation) sense because part of the neglected terms are of the same order
in the smallness parameter [138] as the smallest kept terms. We argue, however, that the gradient
dynamics form (2) is a highly important feature that should be conserved in the approximation
process as the Stokes equation itself can be written as a gradient dynamics, i.e., it may be obtained
via Onsager’s variational principle [34]. Actually, another prominent example where such a strat-
egy is followed is the Cahn-Hilliard equation describing the decomposition of a binary mixture
[19, 20]. There, the energy is of the form (3) with f being approximated by a fourth order poly-
nomial while the mobility function Q in (2) is simply assumed to be a constant. A version with
better approximations of both, energy and mobility, can be found, e.g., in [59], however, only the
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energy is improved on in [21, 76].
In the future, the presented basic idea of employing the gradient dynamics form of thin-film
(long-wave or lubrication) equations as starting points for model improvements should be system-
atically tested for more systems. Namely, existing long-wave models should first be brought in
gradient dynamics form as, e.g., done for two-layer films in Refs. [55, 89]. Then a better approx-
imation or even the exact form of the underlying energy functional can be employed (keeping the
same mobility functions) to obtain an improved model. For instance, for the two-layer films the
exact curvatures could be used instead of the long-wave ones.
Section V below discusses how long-wave models for some complex fluids (solutions, sus-
pensions, mixtures) are brought into gradient dynamics form opening an avenue for many model
extensions that are automatically thermodynamically consistent. An important point that also
needs more consideration is the question which nongradient driving terms (for some examples and
a tentative classification for scalar order parameter fields see [38]) can be added to the general
gradient dynamics model without changing the dominance of the energy functional discussed in
this section.
IV. MOBILITY FOR VARIOUS TRANSPORT CHANNELS
Section II and III have discussed two ways to improve gradient dynamics thin-film models
(2) by amending the free energy functional. In particular, they discussed how to extract wetting
potentials from microscopic models and how to employ exact expressions for the energy instead
of their long-wave approximations. The present section considers the mobility function Q(h). In
the context of hydrodynamic thin-film equations obtained via long-wave approximations from the
Navier-Stokes equations [82], the mainly discussed expressions are Q ∼ h3 (no slip at the solid
substrate), Q ∼ h2(h+ ls) (weak slip with slip length ls at the substrate) andQ ∼ h2 (intermediate
slip) [78].
A further extension of the interpretation and application of thin-film models arises when consid-
ering the ultrathin adsorption layer (sometimes called “precursor film”) that in the case of partially
wetting at equilibrium coexists with macroscopic drops [27]. It is also found in front of advanc-
ing and behind receding contact lines [88]. Where the adsorption layer is concerned, the field h
in Eq. (2) should not anymore be strictly interpreted as “film height” but rather as “adsorption”,
i.e., as the mean number of molecules per substrate area. Here, “mean” refers to an average over
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microscopic time scales. This naturally allows one to describe situations where the density in the
liquid film is not constant anymore (e.g., layering effects close to the substrate) or where there is
no closed liquid film on the substrate but rather individual diffusing molecules [53]. When the
film is thicker the adsorption is proportional to the film height (the connecting factor is the con-
stant equilibrium density of the liquid), i.e., there is a natural continuity between the two measures.
This implies that even film heights, e.g., of equilibrium adsorption layers, smaller than a molecular
diameter are acceptable if interpreted as adsorption.
Having this interpretation in mind, one has to request that for h → 0 the governing equation
becomes the standard diffusion equation, that itself is also of gradient dynamics form (see sec-
tion II.B.1 of Ref. [118]). It turns out that this case corresponds to a constant mobility Q. This
implies, a mobility functionQ ∼ h3+C (where C is an appropriate constant related to the wetting
potential and the diffusion constant, see section IV of Ref. [136]) automatically switches between
diffusion and convective motion when going from the adsorption layer to a drop or thick liquid
film. Together with wetting potentials from section II that do not diverge for h→ 0, such a mobil-
ity allows to describe the spreading of drops with finite length adsorption layers (precursor films)
and, in general, the advancement of contact lines over truly dry substrates. A first study of the
influence of C can be found in Ref. [136].
The incorporation of diffusion into thin-film models is also discussed in Refs. [51, 88, 137].
A piecewise mobility function that switches between diffusion and convection at a critical height
is introduced to describe droplet motion due to surface freezing and melting [137]. Ref. [88] dis-
cusses convective and diffusive advancement in the context of adiabatic and diffusive films close
to the contact line region using, however, a diverging wetting energy and standard cubic hydrody-
namic mobility. This results in a height-dependent diffusion coefficient that diverges for h → 0
(see their section 3.2.2.B). Finally, Ref. [51] considers the redistribution stage of deposition exper-
iments where organic molecules are deposited on a solid substrate with heterogeneous wettability.
It is discussed that different instability modes of ridgelike transients lead to different nonlinear
evolution pathways. It is further indicated that different transport mechanisms during the redistri-
bution only affect the ratio of the time scales of the individual process phases but not the sequence
of the observed morphologies. The particular cases studied are convective transport without slip
(Q ∼ h3), transport via diffusion in the film bulk (Q ∼ h) and via diffusion at the film surface
(Q ∼ C). The direct combination of the different transport channels into the same mobility func-
tion proposed in Ref. [136] should also be seen in the context of the ongoing discussion of the
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mechanisms of contact line motion [14, 15, 84, 87, 88, 94, 98, 135].
In the future, the direct combination of different transport channels within a single gradient
dynamics evolution equation for film height/adsorption should be studied more systematically
employing wetting potentials extracted from microscopic models. Also, transport coefficients and
mobility functions extracted from microscopic models should be passed to the mesoscale models
transforming qualitative comparisons as, e.g., between kinetic Monte Carlo and thin-film simula-
tions [109], into quantitative ones. An alternative way of incorporating diffusion-like processes
into mesoscopic hydrodynamics are stochastic thin-film equations [40, 46]. There it is shown that
an incorporation of noise also results in a relative change of the dewetting time scales.
V. GRADIENT DYNAMICS FOR COMPLEX LIQUIDS
In section I we have presented the thin-film (long-wave) equation for simple liquids on horizon-
tal substrates (1) as gradient dynamics (2) and the appendix shows how this form can be derived
from Onsager’s principle. In principle, it should also be possible to bring all long-wave models
into such a form that are derived in the overdamped (or Stokes-) limit for complex fluids in relax-
ational situations, i.e., without additional energy sources or sinks. For thin films of nematic liquid
crystals this is done, e.g., in Ref. [62, 64, 65, 72] for situations where the nematic director field is
enslaved to the film height profile (for cases of weak and strong anchoring at the interfaces) and
the evolution equation is again Eq. (2) with appropriate energy functional and mobility.
It is less known that this is also possible for most long-wave models that involve more than one
field, e.g., for two-layer films or films of solutions, suspensions and mixtures, i.e., hydrodynamic
thin-film models reviewed in sections II.C and VI of Ref. [23], and models in Refs. [16, 42, 56,
80, 129]. Once the gradient dynamics form is established one can develop a plethora of thin-film
models for certain classes of complex fluids by amending the energy functionals along the lines
discussed in section III.
Generalising the derivation of conserved, nonconserved and mixed gradient dynamics mod-
els given in the appendix, close to equilibrium one can write a general thin-film system that is
characterised by the set of n scalar fields ψ = (ψ1, ψ2, ..., ψn) = ({ψa}) (e.g., layer thicknesses,
local surfactant or solute amount, adsorption or precipitation of solute at substrate), as n coupled
9
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evolution equations in gradient dynamics form
∂tψa = ∇ ·
[
n∑
b=1
Qcab∇
δF
δψb
]
−
n∑
b=1
Qncab
δF
δψb
(4)
combining conserved and nonconserved dynamics that are both governed by the same underlying
energy functional F [ψ]. Each field can have a conserved and/or nonconserved dynamics as en-
coded in the respective mobility matrices Qcab(ψ) and Q
nc
ab(ψ) that are n×n dimensional, positive
definite and symmetric. For more background and the three-field example of a thin-film model for
a liquid layer or drop covered by a soluble surfactant see [118].
In particular, the gradient dynamics approach of Eq. (4) was applied to several situations
that can be described by two scalar fields. This includes the dewetting of two-layer films
[54, 55, 89, 90], coupled decomposition and dewetting processes for a film of binary mixture
[112, 117] (without Marangoni forces, see corresponding discussion in section IV.B of [118])
and the evolution of a liquid film covered by insoluble surfactant [116] (for soluble surfactant
see [118]). In the case without evaporation or other nonconserved processes, all these two-field
models can be brought into the form
∂th = ∇ ·
[
Qhh∇δF
δh
+ Qhψ∇δF
δψ
]
∂tψ = ∇ ·
[
Qψh∇δF
δh
+ Qψψ∇δF
δψ
]
(5)
where h and ψ are two fields with conserved dynamics. The mobility matrix is
Q =
 Qhh Qhψ
Qψh Qψψ
 = 1
η
 h3/3 a h2ψ
ah2ψ b hψ2 + c(ψ)ψ
 , (6)
where η is a viscosity, and the respective energy functionals F have a clear physical meaning
and may be obtained via the coarse-graining procedures of statistical physics. Normally, they
contain entropic and/or interaction terms as well as terms penalising strong field gradients (see
Refs. [55, 89, 112, 116–118]).
The particular mobilities are as follows: For the two-layer film of Ref. [55], h and ψ correspond
to the thickness of the lower and upper layer, respectively, and in (6) a = 1/2, b = 1 and c(ψ) =
ηψ2/3µ where η and µ are the viscosities of lower and upper layer, respectively. For the film
of binary mixture of Refs. [112, 117], h and ψ correspond to the thickness of the film and the
effective solute layer height ψ = hφ (where φ is the height-averaged concentration), respectively,
and in (6) a = b = 1/3 and c(ψ) = D˜ is the diffusive mobility of the solute. For the film with
10
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insoluble surfactant of Ref. [116], h and ψ correspond to the thickness of the film and the surfactant
concentration projected onto the cartesian plane, and in (6) a = 1/2, b = 1 and c(ψ) = D˜ is the
diffusive mobility of the surfactant. Note, that Ref. [134] employs Onsager’s variational principle
[34] to develop a solvent-solute symmetric mixture model (without surface activity) that is also
valid at high solute concentrations. It has a mobility matrix that is cubic in the fields as (6) but
also symmetric with respect to an exchange of the two fields (local amounts of solvent and solute,
respectively). There exist other two-field gradient dynamics models, e.g., for membrane dynamics
[50, 95] or as DDFTs for mixtures [4, 6].
It has two advantages to bring hydrodynamic thin-film models into the form (5) [or (4)]: First,
it is a relatively simple way to show that a particular long-wave approximation still gives a ther-
modynamically consistent model. For instance, such models with specific energies are found in
Refs. [60, 61, 80]. In consequence, it also indicates that many literature models are incomplete
as they incorporate ad hoc amendments into hydrodynamic long-wave equations, e.g., by intro-
ducing concentration-dependent Derjaguin pressures for solutions and suspensions or by using
nonlinear equations of state for surfactants. This is avoided through the second advantage of
the form (5), namely, that amending the energy functionals F while keeping the mobilities (also
cf. section III) automatically results in thermodynamically consistent evolution equations for the
coupled fields. For instance, changing the local energy of the surfactant from purely entropic to
a combination of entroic and interaction terms [116], results in a nonlinear equation of state (i.e.,
nonlinear Marangoni flux) and non-Fickean diffusion (and more complex adsorption/desorption
dynamics in the case of soluble surfactant [118]).
For the present special volume on complex wetting it is of particular interest that the amend-
ments of the energy functionals can consist in the introduction of wetting energies that do not
only depend on film height but also on other fields. For instance, a concentration-dependent wet-
ting potential gives a concentration-dependent Derjaguin pressure and also results in an additional
Marangoni-type flux, affects diffusion, evaporation, and adsorption/desorption. The exploration of
the possibilities of these gradient-dynamics models has only just started [96, 97, 117, 119]. Future
directions could include investigations of the coupling of wettability with structural phase transi-
tions of surfactants or solutes, and studies of terrassed spreading of drops of nanosuspensions.
Beside changing the energies, one can also amend the mobilities, e.g., by incorporating slip
at the substrate as done for two-layer systems in [78] or by allowing for solvent diffusion along
the substrate as discussed for single layers in Refs. [51, 136] and section IV. Another important
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question relevant, e.g., for particle suspensions, is the dependence of the liquid viscosity on solute
concentration. This can be easily incorporated, as long as the liquid is Newtonian. There are few
thin-film models for non-Newtonian liquids, e.g. Refs. [1, 7, 41, 79], and to our knowledge none
was discussed as gradient dynamics. It would also be interesting to incorporate surface viscosity
[99] that would most likely only affect the mobility matrix.
VI. THIN-FILM BIOFILMMODELS
The previous sections have discussed recently proposed improvements for the description of the
behaviour of drops, films or single contact lines of simple and complex liquids on solid substrates.
These improvements are closely interlinked with the ability to bring the various hydrodynamic
thin-film equations into the gradient dynamics form of Eqs. (4) [or (2) or (5)]. In consequence,
one might assume that the resulting models are only able to describe relaxational behaviour, i.e.,
the evolution towards local or global equilibria. This is, however, not the case. Instead, the gradient
dynamics models can serve as a “thermodynamically consistent core” that is then supplemented
by selected out-of-equilibrium driving terms. For instance, an addition of appropriate potential
energies to the energy functional allows one to investigate sliding droplets on an incline [37]. In-
cluding “comoving frame terms” gives out-of-equilibrium models for the transfer of a liquid film
(dip coating) or surfactant layer (Langmuir-Blodgett transfer) from a liquid bath onto a withdraw-
ing moving substrate [131]. Furthermore, additional in- and out-fluxes of material [12, 126] or
energy [90] can be incorporated that break the gradient dynamics structure. This approach al-
lows one to use all improvements discussed in sections II to V also in many thin-film models for
out-of-equilibrium processes. A tentative classification of such nongradient additions to gradient-
dynamics evolutions equations for scalar order parameter fields is given in [38].
Here, we particularly highlight the recent example of hydrodynamic biofilm models that are
developed to describe the interplay of biological and physicochemical processes in the early stages
of the spreading of bacterial colonies [133] on moist agar substrate in an air atmosphere [29, 39,
101, 128]. To consistently describe the interplay of wettability, capillarity and osmotic fluxes on
the one hand and biological growth on the other hand, Refs. [121, 122] employ a two-field model
as Eq. (5) with (6), where the two fields represent the aqueous nutrient medium and biomass
(bacteria and bacteria-produced extracellular matrix), and incorporate osmotic fluxes by adding
nonconserved terms as in Eq. (4). This thermodynamically consistent model is then driven out
12
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of equilibrium by the proliferation of biomass that itself triggers an osmotic influx. Also here,
models with more complex physics may be developed following the pathways laid out in section II
to V. See, for instance, models that incorporate the dynamics of bacteria-produced bio-surfactants
[3, 39, 123].
In another example, insoluble self-propelled particles swimming on a liquid film are described
via a combination of a standard thin-film model for a surfactant-covered thin film with terms result-
ing from active swimming [2, 91, 92]. To go beyond the considered limit of dilute self-propelled
particles towards higher concentrations one could follow the path of amendments possible within
the gradient structure of the passive part of the model.
VII. CONCLUSIONS
The present contribution to the volume on complex wetting has highlighted and commented
on important developments of the past five years that widen the scope and reach of mesoscopic
thin-film (or long-wave) hydrodynamic models employed to describe the dynamics of thin films,
drops and contact lines of simple and complex liquids on solid substrates. We have focused on
developments that are based on the reformulation of various mesoscopic thin-film hydrodynamic
models as gradient dynamics on underlying energy functionals. We have briefly presented the
general approach, followed by discussions how to improve these models by amending the under-
lying energy functional and mobility functions, how to obtain gradient dynamics models for some
complex liquids, and how to incorporate processes beyond relaxational dynamics.
We have argued on the one hand that the possibility of such a reformulation is a good mea-
sure of the quality of a model that describes a relaxational dynamics. However, at points this
poses interesting general questions as an asymptotically correct model might not have the form
of a gradient dynamics and vice versa. We believe that the gradient dynamics form of governing
equations is the “higher value”. This implies then that procedures of asymptotic expansions (e.g.,
the application of the long-wave approximation) should be applied in a way that at each order the
asymptotic model represents an exact gradient dynamics.
On the other hand we have laid out that the gradient dynamics form facilitates the widening
of the scope and reach of mesoscopic thin-film hydrodynamics in several ways. In particular, we
have briefly discussed in section II how to extract wetting potentials without divergence problems
for vanishing film height from microscopic models, pointing out that similar methodologies still
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need to be developed to extract transport coefficients. In section III we have proposed to improve
lowest order models by improving the energy functional within the gradient dynamics formulation.
For the considered interface-dominated systems this has a larger impact on the model behaviour
than the mobilities. Up to now this has only be done systematically for a few systems. Section IV
has then focused on a possible extension of the mobility beyond hydrodynamic motion to capture
the transition between diffusive and convective transport occurring when modelling drops on ul-
trathin films or adsorption layers. The subsequent section V has discussed how to obtain gradient
dynamics models for complex liquids and has detailed some of the options for two-field models,
in particular, for two-layer films and films of solutions, suspensions and mixtures. Here, we ex-
press the hope that for these more complex models such a presentation in gradient dynamics form
will become a standard as it allows for an easy comparison and validation of models. Finally,
section VI has ventured away from relaxational dynamics and has argued that also most models
of out-of-equilibrium processes in the discussed system class should have a well defined gradi-
ent dynamics core supplemented by nonequilibrium driving terms. This has been illustrated at
the example of recent models for osmotically spreading biofilms. Each section has presented and
commented on the respective main argument from the recent literature and has discussed pertinent
open questions. Naturally, there have been other interesting developments in dynamic wetting that
have not been covered here as they are not directly related to the gradient-dynamics approach.
Examples are the development of path-continuation techniques for the determination of families
of self-similar solutions related to film rupture [24, 25, 124], the development of time-stepping
techniques to study solutions of the thin-film equation that have an unknown support [83], stud-
ies of the fully nonlinear dynamics of stochastic thin-film dewetting [81] (cf. [46, 73]), studies
of (de)wetting dynamics through the study of invariant manifolds of a suitable dynamical system
[10, 125], and the derivation of Smoluchowski-type statistical models for the ensemble dynamics
of sliding drops from single-drop bifurcation diagrams [132].
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Appendix A: Deriving basic gradient-dynamics via Onsager’s principle
In the main part of this work we have used the thin-film equation in the form (2) of a gradient
dynamics for a single scalar, conserved order parameter field. Here, we briefly indicate how to
derive this general form using Onsager’s variational principle [33, 34], i.e., by minimising the
Rayleighian with respect to appropriate fluxes. The Rayleighian corresponds to the sum of the
total time-derivative of the energy functional and the dissipation functional. Our derivation is
similar to the derivation of the Cahn-Hilliard equation in [34]. Note that after the conserved case
we also consider nonconserved and mixed case.
1. Conserved order parameter
For a conserved order parameter field ψ(r, t), the time-evolution equation must have the form
of a continuity equation (conservation law), i.e.,
∂ψ
∂t
= −∇ · jc (A1)
where jc is the ψ-conserving flux. The total time derivative of the general energy functional F [ψ]
is
dF
dt
=
∫
dr
δF
δψ
∂ψ
∂t
(A2)
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and the simplest dissipation functional is quadratic in the flux
Φ =
1
2
∫
dr ζc |jc|2 (A3)
where the friction ζc ≥ 0 may still depend on ψ. We collect the expressions and obtain the
Rayleighian R = dF/dt+D as
R =
∫
dx
[
1
2
ζc|jc|2 + δF
δψ
∂ψ
∂t
]
=
∫
dx
[
1
2
ζc|jc|2 +
(
∇δF
δψ
)
· jc
]
(A4)
where in the final step we used (A1) and integrated by parts. We now minimize R, i.e., determine
δR/δjc = 0, and obtain the flux
jc = − 1
ζc
∇ δF
δψ
(A5)
With continuity (A1), we finally obtain the evolution equation for a single conserved scalar order
parameter field ψ.
∂t ψ = ∇ ·
{
Qc(ψ)∇ δF [ψ]
δψ
}
(A6)
with the energy functional F [ψ] and mobility function Qc(ψ) = 1/ζc ≥ 0. This corresponds
to Eq. (2). Note, that the present derivation only gives the general form. The particular mobility
functionQ(ψ) needs to be obtained through a long-wave expansion of the full governing equations
(also cf. [134]).
2. Nonconserved order parameter
For a single nonconserved order parameter field ψ, no continuity equation is needed. In-
stead the time evolution is directly given by a nonconserving flux (strictly speaking a cre-
ation/deposition/condensation rate)
∂ψ
∂t
= jnc (A7)
Eq. (A2) is still valid and the simplest dissipation functional reads
Φ =
1
2
∫
dx ζnc j
2
nc (A8)
Variation of the Rayleighian w.r.t. jnc directly gives
∂t ψ = −Qnc δF [ψ]
δψ
(A9)
with the mobility Qnc(ψ) = 1/ζnc ≥ 0
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3. Mixed conserved and nonconserved dynamics
Finally, a system can have mixed conserved and nonconserved dynamics. The general form is
the balance equation
∂ψ
∂t
= −∇ · jc + jnc. (A10)
Eq. (A2) is still valid, but the dissipation functional has two contributions
Φ =
1
2
∫
dr
(
ζc |jc|2 + ζnc j2nc
)
. (A11)
As a result, the variation of the Rayleighian w.r.t. jc and jnc, gives after use of (A10) the mixed
gradient dynamics
∂t ψ = ∇ ·
(
Qc(ψ)∇ δF [ψ]
δψ
)
−Qnc δF [ψ]
δψ
(A12)
with mobilities as above. For a generalisation to n coupled scalar order parameter fields see
section V.
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